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2. Reduction to the Riemann-Hurwitz theorem in the complex case

Let 1 � � � � � . For 	 1� � � � � 	 � � � 2
� . Set

L	 1�����	 � �
{
� 
 � � � �� � � 
 �	 1� � 	 	 	 � 
 �	 � � � 0

}
�

One expects that if	 1� � � � � 	 � are in general position, thenL	 1�����	 � has codi-
mension� in � �� � . Proposition 1 below establishes that it makes sense to speak
of a Ògeneric choiceÓ of a line and points for our enumerative problem.

Proposition 1. For all 2 � � � � � the set

� �
{

��� 	 2� � � � � 	 � � � 
� 2
� �

(
� 2

�

)� � 1
� � 	 � � dim�L	 �	 2�����	 � � � � � � �

}

is non-empty and Zariski-open in
� 2
� �

(
� 2

�

)� � 1
.

Proof. Clearly, the set� is Zariski-open. In ¤ 3, Proposition 5, we will show
explicit points� 2� � � � � � � � and a line� such that dim�L��� 2������ � �

� � 0, for
all � � � . �

So let��� 	 2� � � � � 	 � � � � � , and deÞne

� �
{
�	 � � 
 � � � � 2

� � � �� � � 	 � � � 
 �	 � � 
 �	 2� � 	 	 	 � 
 �	 � � � � 0
}

�

We have the two natural projections

�
� 1���
 �

� 2



L	 2�����	 � �

and � 1 is an isomorphism because��� 	 2� � � � � 	 � � � � � . Therefore, we can
deÞne

� � � 
 L	 2�����	 � �
� � �	 � � � 2�� � 1

1 �	 �� � the unique curve of degree�
through	 � 	 2� � � � � 	 � � .

Clearly,	 is a ramiÞcation point of� if and only if the curve��	 � is tangent to
� at the point	 . Assume now that� � � . According to the RiemannÐHurwitz
theorem the number of ramiÞcation points of� equals

degree of� � Euler characteristic ofL	 2�����	 � �
� Euler characteristic of�

� 2� � 2 � 2�� � 1��
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and so this is also the number of curves of degree� through	 2� � � � � 	 � � and
tangent to� .

This also shows that, for 2� � � � � , the subvariety of� 2
� ,

L��	 2�����	 � �
{
� � 
 � � � 2

�

∣∣ the curve
 ��� � 0 is tangent to�

and
 �	 2� � 	 	 	 � 
 �	 � � � 0
}
�

has degree 2�� � 1� . Then one is tempted to argue that, given� lines� 1� � � � � � �

and� � � � points	 � � 1� � � � � 	 � � in general position, the set

L� 1������ � �	 � � 1�����	 � �
�

{
� � 
 � � � 2

�

∣∣ 
 is tangent to� 1� � � � � � �

and
 �	 � � 1� � 	 	 	 � 
 �	 � � � � 0
}

consists of�2�� � 1�� � points, since

L� 1������ � �	 � � 1�����	 � �
�

⋂
� � 1������

L� � �	 � � 1�����	 � �
� (#)

However, this argument works only for� � 2� � 1, because otherwise there is
a curve� of degree� through	 � � 1� � � � � 	 � � having a double line as component,
and so� is tangent to any line in the plane (see [2]). In fact, this shows that
in (#) there might be a residual intersection to account for. For example, in the
case of conics, there are 2 conics through 4 points and tangent to one line, there
are 4 � 22 conics through 3 points and tangent to 2 lines, but the number of
conics through 2 points and tangent to 3 lines is not 23 � 8: it is 4, the same
as the number of conics through 3 points tangent to three lines, as one can see
by resorting to the dual conics. In [1] the case of cubics and in [5] the case of
quartics are considered, over the complex numbers.

It would be desirable to know in addition that for a generic choice of
�� 	 2� � � � � 	 � � , the curves through	 2� � � � � 	 � � tangent to� are simply tangent
to � (no double tangents, no inßection points, nor worse), which amounts to say
that the map� has only ordinary ramiÞcation points, with distinct values. This
can be done by studying more closely the family of maps� ��	 2�����	 � �

, where now
� , 	 2� � � � � 	 � � are movable parameters. In ¤ 3 we will satisfy this desire by
exhibiting �� 	 2� � � � � 	 � � such that the corresponding� has 2�� � 1� distinct
ramiÞcation points, which must therefore be ordinary ramiÞcation points, with
distinct values.

3. A real version of the Riemann-Hurwitz theorem

Let
� 1 �

{
��� �� � � 2 � � 2 � � 2 � 1 � 0

}
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denote the topological circle. We shall say that the (disjoint) subsets� 1� � � � � � �

of � 1 are non interlaced if there exist open, disjoint subintervals� � � � � 1� � � � � �
of � 1 such that� � � � � , � � 1� � � � � � .

Proposition 2. Let
 � � 1 
 � 1 be aC1 map whose �bers are all �nite. If there
are distinct� 1� � � � � � � � � 1 such that
 � 1�� 1�� � � � � 
 � 1�� � � are not interlaced,
denoting by� � the number of points in
 � 1�� � � , there are at least

�∑
� � 1

� � � �

points where the derivative of
 vanishes. More precisely, if
 � 1�� � � � � � , where
the� � ’s are disjoint intervals, and


 � 1�� � � �
{
� �

1� � � � � �
�
� �

}
with � �

1 � 	 	 	 � � �
� �

for some ordering of the interval� � , then there is at least one rami�cation point
between� �

� and� �
� � 1, for � � 1� � � � � � � � 1.

Proof. 
 maps� � into � 1 � � � 1� � � � � � � � 1� � � � 1� � � � � � � � , which is diffeomor-
phic to a subset of� . Then it follows from RolleÕs theorem that for all� �
�1� � � � � � � � 1� there exists� , � �

� � � � � �
� � 1, with 
 ���� � 0. �

Corollary. Let � � � � � � � � �� 1 
 �� 1, where� ���  � and ����  � are
homogeneous polynomials of degree� without common non-trivial zeroes. Let
� � � 1 � 0� and � � � 0 � 1�, and assume that� � 1�� � � � 	 1� � � � � 	 � � ,
� � 1��� � � � 1� � � � � � � � and that these 2 sets are not interlaced. Then� has
exactly2�� � 1� rami�cation points. More precisely, after perhaps renumbering
the	 � ’s and the� � ’s, we can choose� � �� 1 � � 	 1� � � � � 	 � � � 1� � � � � � � � and
an order of�� 1 � � such that	 1 � 	 	 	 � 	 � � � 1 � 	 	 	 � � � . Then for
� � 1� � � � � � � 1 there exist! � � " � , 	 � � ! � � 	 � � 1, � � � " � � � � � 1, such
that � ��! � � � � ��" � � � 0.

Proof. Proposition 2 ensures the existence of ramiÞcation points as stated.
There cannot be more, for otherwise� � � 0 and� would be constant. �

On the opposite end, we have:
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Proposition 3. Let � � � � � � � , � ���  � and����  � homogeneous of degree
� without non-trivial common zeroes, be such that� � 1�� � � � 	 1� � � � � 	 � � ,
� � 1��� � � � 1� � � � � � � � , and assume that each component of�� 1 �
� � 1� � � � � � � � contains exactly one of the	 � ’s (and hence each component
of �� 1 � � 	 1� � � � � 	 � � contains exactly one of the� � ’s). Then� has no real
rami�cation point.

Proof. �� 1 � � � � � � � � � #, where� and # are disjoint intervals. For
� � � near� , � � 1��� has still� distincts preimages, one in each component of
�� 1 � � � 1� � � � � � � � ; therefore, as we move� � � towards� , it cannot happen
that 2 distinct preimages come together. If� 0 is the Þrst critical value that we
encounter, then, since� is proper, � � 1�� 0� also has one preimage in each
of the � components of�� 1 � � � 1� � � � � � � � , and one of these preimages has
multiplicity, a contradiction. �

In order to produce a morphism� � �� 1 
 �� 1 with any number of ram-
iÞcation points of the form 2�� � 1� � 2� , 0 � � � � � 1, we want to use
the old trick that consists in joining a morphism� max with 2�� � 1� ramiÞca-
tion points to a morphism� min with no ramiÞcation points, through a ÒgenericÓ
path in the space of morphisms. Such a generic path will encounter 2 kinds of
catastrophes:� and� can acquire a non-trivial common zero, or� can have
a ramiÞcation point of order 2. One hopes that when crossing a catastrophic
situation, the number of ramiÞcation points changes by� 2, which ensures that
all values 2�� � 1� � 2�� 0 � � � � � 1 are taken when moving from� max to
� min. The details are provided by Proposition 4.

We may assume without loss of generality that� � 1� 0� �� 0, �� 1� 0� �� 0 and
that �1 � 0� is not a critical point of� . Then the morphism� can be written in
afÞne coordinates as follows:

$��� �

 ���
����

� 
 ��� � � � � � 1� � � 1 � 	 	 	 � � � � ���� � � � � %1� � � 1 � 	 	 	 � %� �

Let &��� 
� �� � 
 ���� 	 ���� � 
 ��� 	 � ���� , so that$���� � &���'���� 2. Note
that
 ���� 	 ���� and
 ��� 	 � ���� have same leading coefÞcient, therefore&���
has degree 2�� � 1� . The zeroes of& are exactly the ramiÞcation points of$
when
 and� have no common factor, and vanishes for� � ( if 
 and� have
� � ( as a common factor.

We denote by! � the space of polynomials of degree� � in � with real
coefÞcients and leading coefÞcient 1; thus
� � � ! � .
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Proposition 4. Assume� � 2. There exists an algebraic subset� � ! � � ! �

of codimension at least2 such that if�
� �� ' � � , then

&��� 
� �� �
)&
)�

��� 
� �� � 0 implies that
) 2&
)� 2

��� 
� �� �� 0�

Proof. First let� � 2, 
 � � 2 � �� � %, � � � 2 � �� � * . Then

&��� 
� �� � � 2�� � �� � 2��% � *� � %�� �*�
)&
)�

��� 
� �� � 2��� � �� � �%� *��

) 2&
)� 2

��� 
� �� � 2�� � ���

so that)&
)� ��� 
� �� � ) 2&

)� 2 ��� 
� �� � 0 implies that
 � � . If, for � � 2, we
take� 1 to be the Zariski closure of the set

� �
� �� � ! � � ! � � 
 and� have at least 2 common roots� �

then� 1 has codimension at least 2 in! � � ! � , and so for� � 2 we can take
� � � 1.

Let now� � 3 and consider

+ �
{

��� 
� �� � � � ! � � ! �

∣∣∣ &��� 
� �� �
)&
)�

��� 
� �� �
) 2&
)� 2 ��� 
� �� � 0

}
�

If ��� 
� �� � + and ���� �� 0, we take the derivatives of the 3 equations
deÞning+ in the direction of a vector of the form�0� 
 � 0� � � � ! � � ! � and
obtain:

a) &��� 
� �� � 
 ���� 	 ���� � 
 ��� 	 � ���� � 0 �
 

�
��� 	 ���� �


 ��� 	 � ���� � 0

b) )&
)� ��� 
� �� � 
 �� ��� 	 ���� � 
 ��� 	 � �� ��� � 0

�
 

��
��� 	 ���� � 
 ��� 	 � �� ��� � 0

c)

) 2&
)� 2 ��� 
� �� � 
 ��� ��� 	 ���� � 
 �� ���� ���� � 
 ���� 	 � �� ��� � 
 ��� 	 � ��� ��� � 0

�
 

���

��� 	 ���� � 

��
��� 	 � ���� � 


�
��� 	 � �� ��� � 
 ��� 	 � ��� ��� � 0
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Since
 is of degree at least 3, we can Þnd
 such that:

-a) 
 ��� � 0, 

�
��� �� 0, which does not satisfy a) above

a-b) 
 ��� � 

�
��� � 0� 


��
��� �� 0, which satisÞes a) but not b)

a+b-c) 
 ��� � 

�
��� � 


��
��� � 0� 


���
��� �� 0, which satisÞes a) and b) but

not c).

It follows that the three equations deÞning+ are of maximal rank at��� 
� �� .
If ���� � 0 and
 ��� �� 0, the above argument can be repeated with the roles of

 and� exchanged. We set

+ 1 � � ��� 
� �� � + � 
 and� have no real common root�

and let� 2 be the Zariski closure of,�+ 1� , with , � � � ! � � ! � 
 ! � � ! �

the natural projection. Then, since+ 1 has codimension 3 in� � ! � � ! � , � 2

has codimension at least 2 in! � � ! � .
Assume now that
 and� have one real common root( :
 ��� � �� � (�
 1��� ,

���� � �� � (�� 1��� , but 
 1 and� 1 without common root. Then

&��� 
� �� � �� � (�
 1����� 1��� � �� � (�� �
1����

� �
 1��� � �� � (�
 �
1������ � (�� 1���

� �� � (� 2&��� 
 1� � 1��

We know by Equation a) of the Þrst part of this proof that)&
)
 1

��� 
 1� � 1� �� 0

or )&
)� 1

��� 
 1� � 1� �� 0. Consequently, the Zariski closure� 3 of the set of pairs
�
� �� � ! � � ! � having a common real root( , for which&�(� 
 1� � 1� � 0, has
codimension at least 2 in! � � ! � . Since) 2&

)� 2 �(� 
� �� � 2&�(� 
 1� � 1� , the set
� � � 1 � � 2 � � 3 will have the required properties. �

Corollary 1. There exists an algebraic subset� 0 � � � � � � of codimension
at least2 such that for��( 1� � � � � ( � �� �- 1� � � � � - � �� � � � � � � � � 0, if we set


 ��� �
∏

� � 1������

�� � ( � �� ���� �
∏

� � 1������

�� � - � � and&��� (� -� � &��� 
� ���

then

&��� (� -� �
)&
)�

��� (� -� � 0 implies
) 2&
)� 2

��� (� -� �� 0�
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Proof. The mapN � � � 
 ! � ,N �( 1� � � � � ( � � �
∏

� � 1������ �� � ( � � has Þnite
Þbers, and so� 0 � �N � N � � 1 ��� has codimension 2 and has the required
properties. �

Corollary 2. For any � , 0 � � � � � 1, there exist2� distinct real numbers
( 1� � � � � ( � � - 1� � � � � - � such that the morphism

��(� -� �
[ ∏

� � 1������

�� � ( �  � �
∏

� � 1������

�� � - �  �
]

� �� 1 
 �� 1

has exactly2�� � 1� � 2� ordinary real rami�cation points.

Proof. Take( max � � � �� � � � � � 1� and- max � �1� � � � � � � , and take( min �
�2� � 1� � � 1� � � � � � � and - min � �2�� � � 1� � � � � � � . Then $�( max� - max�
has 2�� � 1� real ramiÞcation points by Propostition 2, and$�( min� - min� has
no real ramiÞcation point according to Proposition 3. If we take a path that
joins �( max� - max� to �( min� - min� and avoids the subset� 0 of corollary 1, the
corresponding&��� (� -� will have at worse a double root at� � � , so that the
number of roots will change by� 2 along this path. �

4. ConÞgurations with the maximal number of real solutions

Consider in� 2
� two sets of� distinct lines in general position,

{
� 1

0� � � � � � 1
� � 1

}
and

{
� 2

0� � � � � � 2
� � 1

}
. Set! ��� � � 1

� � � 2
� .

Proposition 5. Let � be a line not containing any of the! ��� ’s. Then the line
� and the points:

! ��� where� � � � � and0 � �� � � � � 1�

are in general position in the sense that for all	 � � , there is exactly one curve
of degree� through	 and all the! ��� .

Proof. Set� � � ��� � � � � � � � �� 0 � �� � � � � 1� . Then

� � � ��� � � � � � � � �� 0 � �� � � � � ��� 0�� � 0� �� � �

Furthermore, the cardinality of� is, as expected,

�� � 1��� � 2�
2

� 2 �
��� � 3�

2
� 1 � � � � 1�
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Assume Þrst that	 ' � � � � 1
� � 0 � 1

� . Let �� ��� � � 
� 2
� , ��� � � � � , be the equation of

a line such that� ��� �! ��� � � 0 and� ��� �! � � �� � � �� 0 for ��� � � �� �� �� � �� and such
that� ��� �	 � �� 0. Let . � be the equation of� 1

� .
The curves

∏�
� � 0 � 0�� for 0 � � � � � 2 go through! 0�0� � � � � ! 0�� , but no

other of the! ��� Õs, nor	 , and. 0 goes through! 0�0� � � � � ! 0�� � 1, but no other of
the! ��� Õs, nor	 .

Next, for 0 � � � � � 2, . 0 	
∏�

� � 0 � 1�� goes through! 0�0� � � � � ! 0�� � 1,
! 1�0� � � � � ! 1�� , but no other of the! ��� Õs, nor	 , and . 0 	 . 1 goes through
! 0�0� � � � � ! 0�� � 1, ! 1�0� � � � � ! 1�� � 1, but no other of the! ��� Õs, nor	 .

In general, for 0� � � � � 2 and 0� � � � � � � 2, . 0 	 	 	 	 	 . � 	
∏�

� � 0 � � � 1��

will go through! 0�0� � � � � ! ��� � � , ! � � 1�1� � � � � ! � � 1�� , but no others, nor	 , and
. 0 	 	 	 	 	 . � � 1 through! 0�0� � � � � ! ��� � � � ! � � 1�1� � � � � ! � � 1�� � � � 1, for � � 1 �
� � 1, but no other of the! ��� Õs, nor	 ; the total degree will always be at most
� � 1 � �� � � � 2� � 1 � � .

This proves that

� �� � � L! 0�0 � L! 0�0�! 0�1 � � � � L! 0�0�����! 0�� � 1

� � � � L! 0�0�����! � � 1�0 � L! 0�0�����! � � 1�1 � L! 0�0�����! � � 1�1�	
�

If 	 � � � � 1
� � 0 � 1

� , then	 ' � � � � 1
� � 0 � 2

� and we can repeat the above construction with
the roles of

{
� 1

�

}
and

{
� 2

�

}
exchanged. So, in any case,

dim
(L! 0�0�����! � � 1�1�	

)
� dim� � �� � � � #�� � � 1 � 0�

as required. �

Note. A similar argument shows that the points,

( � �( 0� � � � � ( � � � � � � 1 for �( � � ( 0 � 	 	 	 ( � � ��

impose linearly independent conditions on the vanishing of homogeneous poly-
nomials of degree� in � � 1 variables. This was conjectured in [3].

Theorem. Let�� � 1
0� � 2

0 � 
� 2
� be lines in general position. Let� 1

1� � � � � �
1
� � 1 be

close enough to� 1
0 and � 2

1� � � � � � 2
� � 1 close enough to� 2

0, so that the two sets of
points

{
" 1

� � � � � 1
� � � � 0� � � � � � � 1

}
and

{
" 2

� � � � � 2
� � � � 0� � � � � � � 1

}
are not interlaced in� . Then, perhaps after moving the line� slightly, there
are 2�� � 1� distinct non singular curves of degree� through! ��� � � 1

� � � 2
� ,

� � � � � , 0 � �� � � � � 1 and tangent to� .
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Figure 1

More precisely, let� 1� � 2 be intervals such that

" 1
0� � � � � " 1

� � 1 � � 1� and" 2
0� � � � � " 2

� � 1 � � 2�

choose orders on� 1� � 2, and assume" 1
0 � 	 	 	 � " 1

� � 1 and" 2
0 � 	 	 	 � " 2

� � 1.
Then there exist points/ 1

� � / 2
� � � , � � 1� � � � � � 1, with " 1

� � 1 � / 1
� � " 1

� and
" 2

� � 1 � / 2
� � " 2

� , such that for each" 1
� or " 2

� there exists a curve of degree�
through the! ��� , 0 � �� � � � � 1� � � � � � , tangent to� at " 1

� or " 2
� . Perhaps

after moving the line� slightly, these curves are non singular and distinct.

Proof. Set� � � ��� � � � � � � � �� 0 � �� � � � � 1� . Consider the map,

� � � � 
 L� ! ��� � ���� � � �
� � � �	 � � the unique curve through P

and the! ��� Õs for��� � � � � .

Denote by
 1 the curve constituted by the union of� lines,� 1
0 � 	 	 	 � � 1

� � 1, and
by 
 2 the curve constituted by� 2

0 � 	 	 	 � � 2
� � 1; then
 1� 
 2 � L� ! ��� � ���� � � �

and

� � 1
� �
 1� �

{
" 1

0� � � � � " 1
� � 1

}
� � � 1

� �
 2� �
{
" 2

0� � � � � " 2
� � 1

}
�

So we can apply Proposition 2 to infer that� � has 2�� � 1� critical points
/ 1

1� � � � � / 1
� � 1, / 2

1� � � � � / 2
� � 1, with " 1

� � 1 � / 1
� � " 1

� and" 2
� � 1 � / 2

� � " 2
�

for � � 1� � � � � � � 1 (see Figure 1).
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Among the curves through the! ��� Õs,��� � � � � , there is only a Þnite number
of singular ones. Also, the space of lines of� 2

� that are tangent at 2 or more
distinct points of one of these curves is of dimension 1. It follows that, perhaps
after moving the line� slightly, � � has distinct critical values, corresponding to
non singular curves. These are 2�� � 1� distinct non singular curves through the
! ��� Õs,��� � � � � , tangent to� . �

5. ConÞgurations with an intermediate number of real solutions

Proposition 6. There exist con�gurations of points	 2� � � � � 	 � � and a line�
such that there are exactly2�� � 1� � 2� curves of degree� through	 2� � � � � 	 � � ,
tangent to� .

Proof. The case� � 0 was done in the previous section. For� � � � 1, we
can take the line� min shown in Figure 1; the points of intersection of� min with
the two sets of lines� 1

0� � � � � � 1
� � 1 and� 2

0� � � � � � 2
� � 1 are alternate, and it follows

from Proposition 3 that the corresponding morphism� � min � � min 
 L� ! ��� � ���� � � �

has no real ramiÞcation points.
There remain the cases 1� � � � � 2; for these, we must invoke corol-

lary 2 of Proposition 4. Take the afÞne line� � � � �0� � � � � and
( 1� � � � � � � � � ( � � - 1� � � � � - � � � such that the corresponding morphism,

��(� -� �
[ ∏

� � 1������

�� � ( �  ��
∏

� � 1������

�� � - �  �
]

� �� 1 
 �� 1

has 2�� � 1� � 2� real ramiÞcation points exactly. Choose lines in general position
� 1

0� � � � � � 1
� � 1, � 2

0� � � � � � 2
� � 1, with � 1

� � � � ( � � 1, � 2
� � � � - � � 1, � � 0� � � � � � � 1,

and set! ��� � � 1
� � � 2

� ,�� � � � � , 0 � �� � � � � 1. Then the corresponding
morphism� � � � 
 L� ! ��� � ���� � � �

has exactly 2�� � 1� � 2� real ramiÞcation points
and we can argue as in the proof of the theorem of ¤ 3 toconclude. �

Remark. The mutual positions of the( � Õs and- � Õs determine a lower bound
for the number of real ramiÞcation points. Namely, working in�� 1 rather than
in � , say

�� 1 � � - 1� � � � � - � � � � 1 � 	 	 	 � � � � and�� 1 � � ( 1� � � � � ( � � � #1 � 	 	 	 � #�

where the� � Õs are disjoint intervals, as well as the#� Õs. Then, if

0 � � #�� � � � ( 1� � � � � ( � � �� � � � #�#� � � - 1� � � � � - � � � for � � 1� � � � � ��
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Figure 2

it follows from Proposition 2, or directly from RolleÕs theorem, that the number
of ramiÞcation points is at least,

1min �
∑
0 � � 1

�0 � � 1� �
∑
� � � 1

�� � � 1�� � � �

Only in the two extreme cases (the corollary of Propositions 2, and Proposition
3), can we deduce the exact number of real ramiÞcation points from the mutual
positions of the( � Õs and- � Õs.

In fact, it is easy to produce explicitly all possible values for the Formula� � �
in the situation of Proposition 5. On Figure 1, we start with the line� min and let it
rotate with center at the point2 . Then the line will cross successively the points
! � � 1�1� ! � � 2�2� � � � � ! 1�� � 1 and at each crossing the number1min increases by 2.
However, it is not at all clear how the number of real solutions to our enumerative
problem will vary. Figure 2 shows an example with

( 1 � ( 2 � - 1 � - 2 � ( 3 � - 3�

the ( Õs are represented by circles, the- Õs by crosses and the graph represents
&��� (� -� . Then( 3 decreases, coincides with- 2, then takes its place between- 1

and- 2. When( 3 � - 2, the graph is simply tangent to the x-axis, in accordance
with Proposition 4. But when it decreases still a little bit, 2 additional ramiÞcation
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points (or zeroes of&) appear between- 1 and( 3; they disappear when the( Õs
and- Õs are distributed more evenly.
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