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Abstract. In this paper we study on R3 aclass of smoothly (C*) finitely determined
vector fields which admit infinite many resonant relations. We give a compl ete classifi-
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1 Introduction

Let Q be aset of germs of vector fields on R” at asingular point 0. What is the
simplest normal form to which any vector field of Q can be reduced by a change
of coordinates? Thisisaclassical question and, in the case that Q consists of all
vector fields with a fixed linear approximation it is answered by the Poincare-
Dulac-Belitskii theorem which says that under a formal change of coordinates
any vector field with afixed linear part x = Jx can be reduced to the resonant
normal form. Namely, assuming that the matrix J has the Jordan normal form,
J = S+ N, where S isthe semi-simple part of J and N the nilpotent part, one
can reduce the given system, viaaformal change of coordinates, to a system of
theform y = Jy + h(y), where the forma seriesh(y) = (h1(y), ..., h, ()’
satisfies the following relations.

Sh(y) = (y»)Sy =0, N'h(y)—=h(y)N'y =0. 1)

Let A4, ..., A, bethe eigenvalues of J, then the first equality of (1) means that
hi(y) = Zlalzzhmy“, where the coefficients h;, = 0if 4; # (a,2). In
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other words, /(y) only contains resonant monomialg®d,, which correspond to
resonant relations

)"i = (av )")v |Ol| = 2. (2)

In the above we adopt the usual multi-index notations: o = (aq, ..., o),
o; € Z4, the set of non-negative integers, |a| = a1 + -+ + @y, (@, 1) =
aihy + o Ak, ¥ = y7 - y@. Wealso use d,, to stand for di

Itisclear that if there are afinite number of resonant relations between eigeval -
ues of the matrix J then any smooth vector field x = Jx + --- is formally
reducible to a polynomial. Since such vector fields are necessarily hyperbolic,
therefore, by the Chen theorem, the normalization can also be in smooth cat-
egory. If avector field admits infinitely many resonant relations between the
eigenvalues, then, in the formal category, its finite determinacy is characterized
by thelchikawatheorem (see shortly afterwards). Thelchikawatheoremimplies
that such vector fieldsare either hyperbolic (theinverse statement that hyperbolic
vector fields are finitely determined is obviously false) or partially hyperboalic.
In the former case, again due to the Chen theorem, the normalization can be
taken smooth, while in the latter case, the center manifolds of the vector fields
have to be 1-dimensional or 2-dimensional with +1i as eigenvalues. To these
quasi-hyperbolic vector fields one can apply the Belitskii theorem to insure the
smoothness of the normalization. More exactly, in [1] Belitskii generalizes the
Chen and the | chikawatheoremsto the C*° quasi-hyperbolic category: asmooth
local vector field is C* k-determined if and only if it isformally k-determined.
Moreover, it is proved in [1] that if a smooth vector field X is formally finitely
determined (i.e., k-determined for some k < oco) and a smooth vector field Y is
formally conjugated to X, then Y is C* conjugated to X . Thisresultimpliesthat
the C*°- and the formal k-determinacy are the same property, and thusit reduces
the C*° classification of finitely determined vector fields to the formal category.

The set of all formally finitely determined vector fieldsis characterized by the
|chikawatheorem (see [4, 5]), which, due to the Belitskii theorem as mentioned
above, coincides with the set of all smoothly finitely determined vector fields.
To describe this set, we introduce the following definition

Definition 1.1. A vector field with eigenvaluéss called/-resonantif the number
of generators of the semigroypr, o) =0, o € Z'} } is .
The following statements are from [4, 5, 1].

Proposition 1.1. A smooth vector field admitting infinitely many resonant re-
lations is smoothly finitely determined if and only if it is 1-resonant and the
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nonlinear part does not belong to a certain exceptionalBetf infinite codi-
mension in the space of all vector functions.

Remark 1.1. The exceptional sé in the proposition can be described in terms
of the linear approximation. In fact, I be a 1-resonant vector field with the
Poincare-Dulac normal forni; = A ;x;+x; f; (x*)+Xg;(x*), where(A,a) =0
andxg;(x“) are possible resonant terms when extra resonant relations arise (see
non-strongly 1-resonant case shortly), then the exceptional setsists of those
vector fields with f (x%), @) = 0, wheref = (f1, ..., f.).

Proposition 1.1 says that, although the Poincare-Dulac normal form of a 1-
resonant vector field consists of infinitely many resonant monomials, the vector
field actualy is reducible to polynomial (provided it does not belong to the
exceptional set). Theproposition, however, cannot be applied to theclassification
of vector fields since it says nothing about the index of finite determinacy (the
index i (X) of finite determinacy of avector field X is defined to be the minimal
number k such that X isk-determined). One of the main objectives of the present
paper isto find theindex of finite determinacy of agiven 1-resonant vector field.

The known results concerning the index of finite determinacy are as follows:
Complete classification of 1-resonant vector fields is known only on R and R?
(see[6]). OnR", n > 2, only the so-called strongly 1-resonant vector fields (see
the explaination shortly) are classified (see[2, 9]). In[7], the author studies all
the generiovector fields on R® (where the case that vector fields admit finitely
many resonant relationsis also discussed). In the present paper (see[8] also) we
are going to give acomplete classification of al (non-strongly) 1-resonant vector
fields on R® with arbitrary nonlinear parts. More precisely, given such a vector
field X onIR3, we shall find the index of finite determinacy i (X), the number of
moduli 1 (X) which distinguishes closed vector fields of Q that are not smoothly
conjugated, and the simplest normal form to which X can be reduced under a
smooth changeof coordinates. Our resultsreveal theintrinsic geometricrelations
between the central variable and the hyperbolic variables. Namely, given X with
fixed degeneracy on the central manifol, we show that if X restricted to the
hyperbolic manifold is not too degenerated (which is reflected in the number ¢
in thefollowing sections) then i (X) depends on the central variable aswell ason
thehyperbolic ones. Ontheother hand, if X restricted to the hyperbolic manifold
istoo degenerated then i (X) istotally determined by the central variable.

Now we characterize the eigenvalues of 1-resonant vector fields. Let X be
such a vector field on R2 and its eigenval ues admit arelation

aiA +azhp+a3r3 =0, o; €Zy, |af>0. 3
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Then the following lemma holds.
Lemma 1.1. For any 1-resonant vector field, either

(i) allresonantrelations.; = k1A;+koAo+ksAz are corollary of relation (3),
i.e., there exists an integér> 0 such that(ky, ko, k3) = I(a1, a2, a3) +e¢;,
wheree; = (1,0, 0), e; = (0, 1, 0) andesz = (0, 0, 1); or

(i) up to enumeration, the eigenvalues @6g Aq, mig), Wherero # 0 andm
is a natural integer.

Vector fields of thefirst case in the lemma are called strongly 1-resonant.

We leave the proof of the lemmato the reader as an exercise. In this paper we
consider vector fields of the second case of the lemma, that is, non-strongly 1-
resonant vector fields. Accordingto all possiblevaluesof m we havethree cases:
(D) m > 2; (2) m = Landthelinear part of the vector fieldsisnot diagonalizable;
and (3) m = 1 and the linear part of the vector fields is diagonalizable.

The paper is organized as follows: In Section 2 we shall present the main
results of the paper. Section 3 contains a brief exposition about normalization
of vector fields. The proof of the resultsis given in Section 4.

2 Main Results

In this section we shall discuss all the three cases as specified above. Let X
be a smooth vector field with eigenvalues (0, A, mA). Then one sees that in all
the three cases X hasa 1-dimensional center manifold and the restricted normal
form to the center manifold takestheform x1 = f(x1), where f(x1) isaformal
power series, £(0) = f/(0) = 0. If f(xp) isnot flat, then there exists an integer
p > Lsuchthat f(x1) = x” ™ f1(x1), where f1(0) # 0. Ingeneric case, p = 1.
It is clear that p isinvariant of X due to the fact that if two vector fields are
equivalent then their restrictions to the center manifold are equivalent.

Remark 2.2. Vector fields with flat f(x1) belong to the exceptiona set E as
described in Proposition 1.1.

Convention. We shall use capitd letters P;(-), Q,(-), R;(-), etc. to denote
polynomials, where the subscript s stands for their degree.

2.1 Vector fieldswith eigenvalues (0, A, mA), m > 2
The Poincare-Dulac resonant normal form in this case is given by

i1 =T (), k2 = xafa(x1), i3 = x3fa(x1) + x5 fa(x1), 1
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where f;(x1) are formal series, f1(0) = a, # 0, f2(0) = A and f3(0) = mA.
Define aninteger g by

f3(x1) —mfo(xy) = agxi +---, a, #0 (2

(if f3(x1) — mfa(x1) = 0theng = 0o0). We distinguish two cases:
Casel: g # p,org=phbuta,/a, ¢ {1,2,...}.
Casell: g =panda,/a, =ke{l,2,...}.

Theorem 1. Let X be a vector field with eigenvalu€8, A, mA), m > 2. Then,
in terms of (1) and (2),

D pnX)=2p+1

)

[ (X) max(2p + 1, m +s), where s = min(p,q —1) Casel
l =
max(2p+1,m+ p+k) Casell

(3) The simplest normal form d&f is as follows:

X1 = :l:xf+1 + axf”“ Xp = szp(xl)
. mxﬁ;p (x1) + x5’ Rs(x1) Casel
X2 =
mx3P,(x1) & kxf)@ + Rp_1(x1)x3' + bxf+kx£” Casell

wheres = min(p, g — 1), Isp(xl) — Py(x1) = agx{ +---,a, #0if g < p, or
a, #+1,+2 ... if p=gq, RO) € {0, 1}.

2.2 Vector fieldswith eigenvalues (0, A, A) and non-diagonal linear part

In this case the Poincare-Dulac resonant normal form is as follows;

iy =" fulx),
X = xp fo(x1) + x3f3(x1), 3
X3 = x2 fa(x1) + x3f5(x1),

where f;(x1) are formal series, f1(0) # 0, f2(0) = f5(0) = A, f3(0) = 1,
f4(0) = 0. Define an integer ¢ by

fa(x)) =cxi+---, c#0. 4
If fa(x1) isthezeroformal seriesthen define g = oco. We distinguish two cases:
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Casel: g < 2p;
Casell: g > 2p.

Theorem 2. If X is a vector field with eigenvalug®, A, A) and non-diagonal
linear approximation, then in terms ¢f) and(2),

(1) 1(X) = 2p+1 Casel
p+1 Casell
@) i(X) = max(2p+1,p+q+1) Casel
lep+1 Casell

(3) X is smoothly conjugated to the following simplest normal forms:

2p+1

. 1 .
X1 = :l:x{7+ + ax; Xo = AX2 + X3,

P X3Pp(x1)+fop_1(x1)xz Casel
x3P,(x1) Casell

whereP,(0) = A, Q,-1(0) # 0.

2.3 Vector fieldswith eigenvalues (0, A, 1) and diagonalizable linear part

Notice that the diagonalizability meansthat f3(0) = 0in(1). The number p can
be defined asin (1). To describe the normal form we need to introduce another
integer g. Interms of (3), consider the matrix

(r) 0 (r) 0
M, = (ff:”ﬁoi ;;:(,)go;), 012 ©

Denote by w, and v, the eigenvalues of M,. The number ¢ is defined to be
the minimum number r such that u, # v, or u, = v, but M, is not diagonal.
In other words, the Jordan normal forms of the matrixes Mo, ..., M,_, are of
the form diag(a, «), whereas the Jordan normal form of M, takes one of the
following forms:

ng O w1 a B
(G2 (6o (o) o
where u, — v, # 0, B # 0. If ¢ = p we also introduce

Vp — Kp
=2 "7 7
f1(0) )
We shall distinguish the following cases:
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Case |. g < p,org = p but t ¢ Z. It contains the following subcases:

case1.1. M, isequivalent to thefirst matrix in (6), org = p and r ¢ Z.
case1.2. M, isequivalent to the second matrix in (6),
case 1.3. M, isequivaent to the third matrix in (6).

Cae ll:g=pandt =ke{l,2,...} (ifk e {-1,-2,...}, then enumerate
xZaﬂdx?,).

Case lll: g > p.

Theorem 3. If X is a vector field with eigenvalugb, A, 1) and diagonalizable
linear approximation, then in terms ¢f) and(3),

2p—qg+2 Casell

4p —3g+1 Casel.2

() w(X)=14p — 3¢ +2 Casel.3

p+2 Casell
p+1 Caselll
2p+1 Cased and 11

(2 i(Xx) =
max(2p+1, p+k+1) Casell

(3) A list of the simplest normal forms is as follows. In all the cases
X1 = :l:forl + axf‘”l,

andx, andxz are given by
Case 1.1 X2 = x2Pp(x1) X3 = x313p(x1),
whereP,(x) — P,(x) = O(x9).
Case 12 ¥p=x3Pp(x1) +x30,(x1) i3 =x3P,(x1) +x20,(x1),
whereP, (x1) — P,(x1) = 0(x]), Qp(x1) =x{ + -+, @, (x1) = o(x{).
Case 1.3 Jp = xaPy(x1) +x3Q,(x1) i3 = —x20,(x1) + x3P,(x1),
whereP, (x1) — Py(x1) = o(x{), 0, (x1) — Q,(x1) = O(x7).
Case |l X2 = x2P,(x1) X3 =x3P,(x1) &+ kxlx3+ bxf+kx2,
wherea andb are parameters.

Case lll X2 = x2P,(x1) X3 = x3P,(x1).
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3 Normalization

In this section we briefly recall some techniques of normalization of vector
fields. More detailed explanation can be found in [2, 6] (in [8] thereis also a
brief account).

The starting point of normalizing a given vector field is the Poincare-Dulac
normal form or the Belitskii normal form if there is anilpotent part. For further
normalization, one needs only to perform resonant transformations, namely,
changes of coordinates whose linear part is the identity and the nonlinear part
contains the resonant monomials (see(2]).

Since any 1-resonant vector field always admits infinitely many resonant rela-
tions, we find that very often it is more convenient to normalize the vector field
jet-by-jet More exactly, once the K -jet of the given system is normalized by
polynomial resonant transformations, then, to normalize the k + 1 jet, one can
perform a higher order polynomial resonant transformation. In other words, the
normalization consists of a series of polynomial transformations.

Denoteby j' X thel-jet of X and call two vector fields X and X [-jet equivalent
if there is a diffeomorphism @ such that j'®,X = j'X. We shal use the
following lemmas. Please refer to [8] for the proof.

Lemma 3.2. If two vector fieldsX¥ andY have identicak-jets and the equation
FX, @] = j*TH(Y — X) has a solutiorp with a vanishing 1-jet, whergX, ¢]
denotes the Lie bracket af andg, thenX andY arek + 1-jet equivalent.

Ifforanyk < oo X andY arek-jetequivalentthenthey are formally equivalent.

If for any vector fieldY such thatj*Y = 0 the equation X, ¢] = Y has a
solutiong with jl¢ = 0thenX and j*X are formally equivalent.

From Lemma 3.2 one sees that to prove a vector field X is formally k-jet
determined, it sufficesto provethat for any vector field Y, j*Y = 0, theequation
[X, ¢] = Y hasasolution ¢ with avanishing 1-jet. Moreover, it sufficesto prove
the solvability of this equation where Y is any formal resonant (with respect to
thetuple of eigenvalues of X) vector field with vanishing k-jet (see[8]). In other
words, following statement holds:

Lemma 3.3. Let X be a smooth vector field{(0) = 0. If for any formal
resonant (with respect to the tuple of eigenvalueX pbector fieldy, j*Y =0,
the equation

[*X, 9] =Y D

has a formal solutiorp, jl¢ = 0, thenX is smoothly-determined.
Equation (1) is called the homological equation.
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4  Proof of Theorems

The proof of each theorem consists of the following steps: (1) the i (X)-jet of a
vector field X can be normalized to one of the normal forms listed in Theorems
1-3; (2) assume that the normalization of j/*) X has been done, then we need
to prove that the homological equation (1) is solvable for any resonant vector
field Y with avanishing i (X)-jet; (3) the vector fields ji®)~1X isnot equivalent
to ji XX, namely, X isnot i(X) — 1 jet determined. In the proof we shall
sometimes put these steps into one.

Notice that in al the three cases the resonant normal form restricted to the
center manifold is the same: x; = xf +l fi1(x1), f1(0) # 0. By the results of
[6] on the normalization of vector fields on R, the restricted system is smoothly
conjugated to x; = +x/ 4 axf” 1 Wherea isa parameter and the signs +
can be put into + for odd p. We assume in what follows that this step has been
taken. That is, we have performed (a series of) changes of coordinates of the
formx; — x1 + ozx’l‘, k = 2,3,... with the possible exception for the case
k = p + 1 (the term fo“axl is unremovable). In further simplification of
hyperbolic variables, we shall make the best use of this extrafreedom.

Remind that any transformation of theformx; — x1+ax’l‘ doesnot changethe
number g definedin (2), (4) and (5), and vice versa, any resonant transformation
on the hyperbolic variables have no influence on the center manifold.

4.1 Proof of Theorem 1

Let X beavector field having eigenvalues (0, A, mA) and taking resonant normal
form (1), where
fl(xl) =+1+ Cle.

We shall only consider the case f1(0) = 1. The case f1(0) = —1 can be
discussed in the same way. Remind that the number ¢ defined in (2) and the
cases defined before Theorem 1.

Casel: Denote by

fo(x1) = k+a1x1+...—|—aq_1xf_l—|—aqx:‘f 4+,

then
falx)) =mA+ax1+---+ aq_lxg_l) + quf 4.,

where b, — ma, = 0. If ¢ = p weasoassumethat b, —ma, # 1,2, ....
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The normalization of j/X) X means the elimination of three kinds of resonant
terms:

d d 0

k k m

xft ¥y Xt r xjx5 Ixa’ 1
wherek=1,...,i(X)—p—21and! = min(p,qg— D +1,...,i(X) —m. We

shall show that this can be done via three kinds of resonant transformations:
x = id. + axtx0,,; x = id. + Bxixzde: X — id. + yxixi .. (2)

In fact, it is straightforward to show that the first two kinds of transfor-
mations keep the first two kinds of terms in j?+*1X unchanged while they
bring the following contribution to the higher order terms (0, kax] x5, %) and
(0, 0, kBx** x5 + %), where + means some resonant terms of the third kind of
(2). Therefore by choosing suitable o and 8 we can eliminate the first two kinds
of terms from the original vector field.

Observe that only the terms x4 x5 d,,, k < i(X) — p — 1, of thethird kind are
influenced by the first two kinds of transformations. However, it is clear that
the influence entirely depends on the i (X)-jet of X, therefore the index of finite
determinacy does make sense. Moreover, as shown below, some of these terms
with higher degrees can be removed by the third kind of transformationsin (2).
Indeed, thistransformation keepsthefirst two kinds of termsunchanged whereas
it brings to the original vector field the following effect:

@ if g < p, (mag — b)yx{™ + o(x]™)xgd,s;

(b) if g > p, (syxf+s + o(xfﬂ))xg‘axs;
(©) if g = p, ((ma, — b, +5)yxI™ +o(x]))x5 8.

Therefore the elimination of these terms follows precisely from the assumption
of the present case.

Casell: By similar arguments as applied above, we can normalize the i (X)-jet
of X. Thedifferenceinthiscaseisthat if b, —ma, = k thentheterm xf+kx§18x3
isunremovable. Thereforetheindex i (X) in this case depends on the value of &
which can be arbitrarily large.

From the above discussion it is easy to see that the homological equation (1)
is always solvable for any vector field Y with avanishing i (X)-jet. In fact, one
only needs to perform changes of coordinates (2) where k > i(X) — p and
[>i(X)—m+ 1.
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The extra parameter « in the change of coordinate x; — x;3 + ax; 1 yields
no further simplification on the hyperbolic variables.

Thecoefficient of term x5’ 0., can alwaysbeputinto 1 or O (viaalinear scaling).

Theorem 1 follows from the above arguments. O

4.2 Proof of Theorem 2

Given avector field of normal form (3), we assumethat f1(x;) = 1+ ax!. Due
to the existence of the nilpotent part in the linear approximation of the vector
field, we can apply the Belistkii theorem to reduce (3) to

p+1 2p+1

X1 =x1  Hax;’TT, X2 = x28(x1) + x3, X3 = x3g(x1) + x2h(x1),  (3)

where g(0) = A, and h(xy) = cx{ + -+, ¢ #0.

In the following normalization, we shall first look for transformations which
normalize (3) as well as preserve its form. In fact, any changes of coordinates
of theform

(X1, X2, x3) —> id. + x5 (0, axz + Bx3, yx2 + Ox3) (4)

makes the following contribution to (3)

0 t
( (y — Bh(x1) — kaP(x1))x2 + (0 —a — kBP(x1))x3) ) x5
(@ = 0)h(x1) — ky P(x1))x2 4+ (Bh(x1) — y — k6 P(x1))x3)

where P(x1) = x/ + axZ’, and + means the transpose. More generally, the

change of coordinates

x
(x1, X2, x3) — id. + Z x5 (0, agxz + Bixs, Yixz + Oxs)
k=1

brings to (3) the following effect

o 0 !
lef ( (Vi — Bih — ko P(x1))x2 + (0 — o — kP P (x1))X3) ) . (5
k=1 ((ox — Ok)h — ky P(x1))x2 + (Beh — vk — k6 P (x1))x3)

Rearrange the terms of (5) by their degrees, we have the following.
Case(i): 1<q < p.

X2 = % + xoh1(x1) + x3h2(x1), X3 =%+ x2h3(x1) + x3ha(x1),  (6)
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where x stands for the terms of the original vector field, and
hi(x) =yix +---+ quq + (Vq+l - C,Bl)xq+l R (Vp - Cﬁpfq)xp

o0
+ Z(V{H—k - Cﬂp—q—i—k - kak)xp+k
k=1

o0
ha(x) = (B1— a)x + -+ (0, — )x” + > (Opsr — par — kBx" ™
k=1

ha(x) = clag —0)x + - 4+ clop_g — 0p—g)x"

oo
+ D (C@pgii = Opgir) — kyi)x?
k=1

ha(x) = —y1x — -+ — yox? — (Yg41 — cPOXTT — - — (v, — cBpg)X”

oo
- Z(Vp+k - Cﬂp—q+k + kek)xp+k
k=1

We show below that, by choosing suitable parameters oy, Bk, vi, Ok, k =
1,2, ...,wecannormalize X to thefollowing form

. 1 2p+1
Xy = xf+ —i—axlpJr

X2 = x3+ x2P,(x1) X3 = x3P,(x1) + x{ 0, (x1)x2. (7)
To arrive at this form one needs to prove the solvability of the following linear
equations:

=0y, k=1,...,p

Opik — Cprs — kB =0, k=1,2, ...

m=0k=1,...,¢q

York = CqPe, k=1,....p—¢q

Yp+k — CqBp—g+k — ko = Ay = —Vpik + C4Bp—g+k —kOk, k=1,2,...

for any number Ay.

Itisadirect matter to check the solvability of these equations and we omit the
proof here.

To prove that the index of finite determinacy makes sensein the theorem, one
needs to show that the elimination of any terms with order higher than i (X)
has no influence on the i (X)-jet of X. It isnot hard to see this point from the
above equations (one can readlize so by investigating the relations between the
subscripts of these parameters).
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The highest degreetermin Q ,(x1)x29,, can be removed by the extrafreedom

from the change of coordinates x; — x1 + ax] 1

The equivalence of normal form (7) and the normal form listed in the theorem
isobvious.

Case(ii): p < g < 2p. Theonly differencein this case is the rearrangement
of those linear systems. A similar discussion can be given and is omitted here.
Case (iii): ¢ > 2p. Inthiscase, the functionsin (5) are given by

hi(x) = y1x + -+ + ypx?
+ ()’p+l — (Xl)prrl +---+ (Vq — (g — p)o[q_p)xq

o0
+ Y sk — B — (@ — p+h)g_py)x? ™
k=1

h» remains the same,

ha(x) = —yxPtt — o — (g — p)y,_px?

+ Y (el —0) = (g — p+K)ygpri)x?™

k=1
ha(x) = —y1x — -+ — ppx?
— W1+ ODX"T = — (v, + (g — P)Oy—p)x!

=D ik — B+ (q — p+ K0y pri)x?™
k=1

The corresponding normalization meansthe solvability of thefollowing linear
eguations.

O =ar, k=1,..., D,

Opik — pik = kB, k=1,2,...

w=0 k=1,...,p,

Yp+k —kax = Ak = —yprk — kb, k=1,....,9—p

Yq+k — g—p+ k)aq—p-i-k —cfp = Aq—p+k = —VYq+k — g—p+ k)eq—p—i-k + Bk
for any number A,. We shall skip the details here.

The solvability of these equations means that the original vector field can be
reduced to the following polynomial form

. +1 2p+1 . .
X1 = xf + axlp X2 = x3+ x2P,(x1) X3 = x3P,(x1),
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which, like the previous cases, is equivalent to the final normal form giveninthe
theorem.
Collecting al the facts above, we prove the theorem. O

Proof of Theorem 3. We shall only sketch the proof of the case 1.1. All the
other cases can be treated similarly.

Firgt, it is easy to see that this case implies that the functions in (3) take the
following forms:

folx)) = A4 paxg + -+ pgoax] H g 4
fasr) = 0™, faxn) = 0™
fs(x1) = A4 paxs + - A pgaxd T vgnd 4

wherev, — u, # 0,and if p = g wealso assumethat v, — pn, #1,2,... We
shall show that all thetermsin f3 and f, and thethosetermsin f, and f5 whose
degreesare higher than p areremovable. Infact, one can check that the change of
coordinatesx — id.+(0, B1x1x3, y1x1x2) makesthefollowing effecttotheg+-1-
jet of the original vector field (1, — Vq)xg+l(,31X3ax2 — y1X20y;). Therefore by
choosing suitable 81 and 1, one can removetheterms Ax? *1x3d,, + Bx? x50,
for any parameters A and B. Notice that the transformed vector field admitsthe
sameresonant form. By performing aseriesof thiskind of transformations (with
higher order terms), we can remove, jet-by-jet, all thetermsin f3 and f4. The
normalization of f, and f5 can also be fulfilled jet by jet. To this end, take
transformation x — id. 4+ (0, a1x1x2, 61x1x3). Then it keeps the p + 1-jet of
X unchanged and brings the terms xf”(alxzaxz + 61x30,,) to the p + 2-jet.
Therefore with suitable «; and 61, one can normalize the p + 2-jet. Carrying
on this process with higher order transformations, one can arrive at the normal
form given in the theorem. d
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